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Parameter Varying Control of a High-Performance Aircraft
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The dynamic response characteristics of modern aircraft vary substantially with flight conditions. These changes
require scheduling of the flight control system with variables such as dynamic pressure and Mach number. This
scheduling can be accomplished easily for simple controllers but is much more difficult for complex controllers,
which result from the use of most modern control design techniques. On the other hand, these complex controllers
can yield significant performance improvements when compared with simple controllers. Recently, linear param-
eter varying (LPV) techniques have been developed that provide a natural method for scheduling .7'[00 based
controllers. LPV techniques are combined with p synthesis methods to develop a self-scheduled longitudinal con-
troller for a high-performance aircraft. The ability of this controller to achieve specified handling qualities over a
wide range of flight conditions is demonstrated by nonlinear simulations.

I. Introduction

ODERN high-performanceaircraftoperate overa wide range

of flight conditions. This results in dynamic response char-
acteristics that vary substantially during a typical mission. Tradi-
tionally, flight control systems were designed by using mathemat-
ical models of the aircraft linearized at various flight conditions.
Relatively simple fixed-structure control laws were formulated and
gainswere selected for each flight conditionby using classic, single-
input, single-output methods. Because the structure of these con-
trol laws was simple, only a few gains needed to be scheduled
and, therefore, scheduling was fairly easy. As aircraft have become
more complex with a variety of control effectors and sensors and
as performance capabilities and requirements have increased, tra-
ditional methods for controller design often have not yielded ac-
ceptable performance. Thus, the use of various modern multiin-
put, multioutput techniques for flight controller design has been
extensively studied. These techniques use linearized models of the
aircraft dynamics but result in controllers that are much more com-
plex and that use many more gains than those designed by classic
methods.

Consequently,itis much more difficult to schedulecontrollersde-
signed by modern techniques,and this has been a major impediment
in the use of these theories in the design of flight control systems.

Recently, a number of investigators have proposed the use of
dynamic inversion together with p synthesis methods for the de-
sign of aircraft flight control systems.' ™ Dynamic inversionavoids
the scheduling problem by using feedback to cancel the dynam-
ics of the aircraft. Desired dynamics are then substituted for the
canceled dynamics. Some promising preliminary results have been
obtained by using dynamic inversion but there are some important
implementation issues that may inhibit the use of this method in
practice.

In this paper, we describe the application of an extended Ho
technique to the design of a self-scheduled controller for the lon-
gitudinal control of a high-performance aircraft. This technique is
based on linear parameter varying (LPV) techniques, which result
in a controllerthatis scheduled with dynamic pressure. The closed-
loop, LPV control structure can be represented as shown in Fig. 1.

Received July 16, 1996; presented as Paper 96-3807 at the AIAA Guid-
ance, Navigation, and Control Conference and Exhibit, San Diego, CA, July
29-31, 1996; revision received Nov. 25, 1996; accepted for publication Nov.
26, 1996. Copyright © 1996 by the authors. Published by the American
Institute of Aeronautics and Astronautics, Inc., with permission.

*Research Engineer, Département d’ Automatique.

Professor, Department of Aerospace Engineering and Mechanics. Asso-
ciate Fellow AIAA.

225

Sucha controlstructureincorporatesthe parametermeasurements
(0) in real time, which allows more efficient control of undesir-
able modes. The proposed technique produces automatically gain-
scheduledcontrollers,which simultaneouslyensure 1) global stabil-
ity over the operatingdomain, and 2) linear time invariantrobustness
properties. This last pointis a fundamental difference between LPV
techniques and adaptive control methodologies, which often fail to
integrate both robust control and gain scheduling>-® It is also the
key idea motivating several LPV control techniques.”~!* It has been
shown thatthe LPV control problem, as formulated in Fig. 1, is con-
vex and therefore can be efficiently solved by using LMI-LAB.'¢
More recently, the technique has been extended to include bounded
parameter-variationrates.!”-!8

The method described in this paper extends the results to the case
where the LPV system is uncertain.!! This problemis of great prac-
tical interest, but as in any robust control problem, it is not convex.
Our approach s iterative and parallels the p-synthesis scheme. Al-
though there is no guarantee that a global solution can be given, the
method works well in many practical cases.

The remainder of the paper is organized as follows. Section II
is a brief review of the H,, synthesis technique for LPV systems.
More specifically, the algorithm that is used in this application and
connections with u techniques are outlined. Section III presents
the aircraft nonlinear model, for which an LPV representation is
derived, and a brief open-loop analysis of the aircraft at several
flight conditions. In Sec. IV, handling-quality specifications are
detailed and the problem is formulated. Finally, in Sec. V, vari-
ous u plots are shown to illustrate the robustness of the resulting
controller, and nonlinear parameter-varying simulation results are
presented.

II. Gain-Scheduling Control of LFT Systems
This section briefly outlines the main results for gain-scheduling
control of linear fractional transformation (LFT) systems. The
reader is referred to the references for details and proofs.'! The
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Fig.1 LPYV control of an LPV system.



226 BIANNIC, APKARIAN, AND GARRARD

zg ® 0 A

0 A |

Z |— P(S) ‘—I W
Fig.2 LFT interconnection.

y u

K(s)
Ze {,‘Ve

o

general interconnection structure for the design of gain-scheduled
‘H o controllers is depicted in Fig. 2. The plant is described by the

upper LFT
" ( )! 0 A

where u and y denote control inputs and measured outputs, respec-
tively.

The parameter dependence of the plant is defined as follows.
® := ©(?) denotes the scheduled time-varying parameter with the
following diagonal structure:

O(t) € {blockdiag (6,1, ....6.1,)} )

A := A(t) designatesan uncertain time-varying parameter with the
following structure:

A(t) € {blockdiag(A, ..., Ay): A; € R4 i=1,... N}
3)

Note that, in contrast to A(?), the scheduled parameter ® (7) is
measured in real time and is exploited for the improvement of both
the performanceand the robustness of the closed-loop system. From
now on, we assume that the scheduled parameter ®(7) has been
normalized so that for all > 0,

em’em <1 )
and that the uncertainty A(?) satisfies the following bound:
AMTAM) = (1/y?) ®)

for some positive scalar y.
With this in mind, the gain-scheduled H., control problem
amounts to seeking a lower LFT controller:

Fi[K(s), ©]

having the same LFT dependence as the plant in ©, so that the
closed-loop system of Fig. 2 is robustly stable, i.e., is stable for all
admissible trajectories of ©(7) and A(?).

Note that, as is standard in robust control theory, the uncertain
blocks A; can be interpreted as performance blocks whenever they
are associated with performance specifications.

A central tool leading to sufficient solvability conditions for this
problem is the scaled bounded real lemma.'! This lemma merely
consists of replacing the small gain condition by a more refined
version taking into account the particular structures of ® and A.

The sets of similarity scalings associated with the structures of ©
and A are defined as follows.

Lo ={L >0 :LO = OL, for all admissible ®}

VZXL:VI' 6)

i=1

CR™" with

Py, ={P > 0:PA = AP, forall admissible A}

N
CRY with  g=)Y g @)

i=1

Because the synthesis technique discussed here is state-space
based, we need to introduce a realization of the plant P (s)

Dyy  Dyi Dy Cy
P(sy=| Dw D Dp|+]|C
Dy Dy Dy C, ®

(sI —A)7™'(By B, By

where the partitioning is conformable to the inputs w,, w, and u,
and the outputs z4, z, and y (see Fig. 2). Without loss of generality,
the problem dimensions are determined by

AecR"™", Dgy € R™™7, D, e R?*4, D,, € RP?*™
and it is also assumed that 1) (A, B,, C,) is stabilizable and de-
tectable and 2) D,, = 0.

By an immediate application of the results in Ref. 11, sufficient
conditions for the solvability of the gain-scheduled H,, control
problem are easily inferred. They express feasibility conditions in
terms of matrix inequalities with an additional algebraic condition,
which is repeated here for completeness. With the notations and as-
sumptions above, the gain-scheduled H,, control problem is solv-
able whenever there exist pairs of symmetric matrices (R, ) in
R"*" (L3, J3) in Lg and (P, Q) in P, so that

AR+RAT RCI RCT ByJ; B Q

CyR —J5 0 Dyls DyQ
NT CiR 0 —y0Q0 Dyl D,Q |Ng<0
LBT  LDIL DI —J 0
OBl @D}, 0D, 0 —yQ
)]
ATS+SA SB, SB, CIL; CTP
BTS ~L; 0 DILy DLP
NT BTS 0 —yP DILy DIP |Ns<0
LsCy  L3Dyy LiDy —Ly 0
PC, PDy, PD, 0 —yP
(10)

J3 1 .

furthermore P, Q satisfy
PO =1 (13)
and Ny, N are any basis of the null spaces of
(BzT Dy, Dj O)’ (Cy Dy Dy 0) (14)

respectively.
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Note that because the algebraic constraint (13), the solvability
conditions do not constitute a convex problem. In the special case
where the uncertainty structure (3) reduces to a single block, there
is no loss of generality in taking P :=1, Q :=1 and the problem
(9-12) is an LMI feasibility problem.

Given an LFT gain-scheduled controller, the computation of P
and Q can be performed by applying small gain theory with ade-
quate scalings to the interconnection diagram of Fig. 2. Similar to
1 synthesis, this suggests the following scheme to further enhance
the y level:

1) Initialize P and Q to identity.

2) With fixed P and Q, minimize y subject to the LMI constraint
(9-12), and deduce a gain-scheduled controller (see Ref. 11).

3) With a fixed gain-scheduled controller, compute minimizing
P and Q via a small gain test.

4) Stop when no further improvement is observed.

Note that such a scheme is not guaranteed to find a global opti-
mum, but it has proved useful in many applications.

In the interesting case where the uncertainty block A is partly
time invariant, the previous algorithm can be further improved
by using dynamic scalings. It consists of replacing P and Q by
blockdiag[P, D; (s)] and blockdiag[Q, Dg(s)], respectively. A
new algorithm can thus be derived:

1) Initialize P, Q, D, (s), and D (s) to identity.

2) With fixed P, Q, D, (s), and Dg(s) compute the state-space
elements of the scaled open-loop system, minimize y subject to the
LMI constraint (9-12), and deduce a gain-scheduled controller.

3) With a fixed gain-scheduled controller, build the closed-loop
parameter-dependentsystem and compute minimizing P, Q, D, ,
and Dy, on a finite set of frequencies. The dynamic scaling D; (s)
and Dg (s) are then obtained by interpolation.

4) Stop when no further improvement is observed.

Theoretically, the scaling computation cannot be achieved by us-
ing the u toolbox.!® However, in practical cases, it gives satisfying
results when the scalings have no constant part. In the general case,
the problem can be solved because it can be transformed into a
convex optimization program.2’

III. Aircraft Model

A. Equations of Motion and LPV Model

This section presents the application of the method to the lon-
gitudinal control of a high-performanceaircraft. Only longitudinal
motions are considered by the standard longitudinal equations of
motion of the airplane. Slideslip angle, roll, and yaw angular veloc-
ities are assumed to be zero. The equations of motion can be written
as follows:

y =—(g/V)cosy +(L/mV)+ (F/mV)sina (15)

a=q-y (16)
g =M(c/J,) a7
V = —gsiny —(D/m) + (F/m) (18)
H = Vsiny (19)

where y, a, ¢, V,and H denote the vertical flight path angle, the an-
gle of attack, pitch rate, airplane velocity, and altitude, respectively.
Expressions of aerodynamic drag (D), lift (L), and pitch moment
(M) are expressed as

L =3oSV?[Cpue +4@/2V)Crw +8.Cry]  (20)

D= %pSVZ[CDa(a) +q(c/2V)Cp,) + aeCDge((X)] 21

M = %pSVZ[CMa(a) +q(c/2V)Cy@ + aecMge(oc)] (22)
where

1) 8, m, ¢, J, are constants denoting, respectively, the airplane

wing reference area, mass, reference mean aerodynamic chord, and
pitch moment of inertia.

2) CLyws CLy()> - - - are polynomial functions of , which inter-
polate real data over a wide range of angles of attack (see Ref. 21
for more details).

3) 8. and F are control inputs: symmetric elevator position and
thrust.

4) p is the air density, which varies as a function of the altitude.

It can be observed that the airplane motion is described by a
nonlinear parameter varying system of the form

X = f(X,0,F)+ g(X,0)u (23)

withX =[y o ¢ V HI", u=1[5, F]" and0 =[V H]".

To apply the LPV technique (see Sec. II), this model has been
linearized for different flight conditions 6, which have been se-
lected throughout the envelope. Thus, several equilibrium points
(&l =1laf, v/ =0, ¢, =0], u,= (5%, F{1"} are computed and
corresponding fourth-order linear systems are deduced:

E = Ay & + By i, E=(-¢&, @=u—u) 24

Note here that H has beenremoved from the state vector, because
it appears only as a parameter. Equation (19) is mainly used for
simulation purposes. Furthermore, as this paper focuses on manual
flight control design, the models are truncated to keep only short
perioddynamics. It should also be remarked that the thrustinput can
be removed because it has no immediate effect on the short period
dynamics. Thus, a family of single-input second-order systems is
obtained, where the states are & and g:

(- )
g) \M.6) M,6))\q M, ©) )

The evolution of the stability derivatives Z,, M,,, M,, Zs,, and
M;, vs flight condition (6;) is studied. These coefficients mainly
depend on the dynamic pressure g:

q=3p(H)V? (26)

The selected flight conditions (H € [5000 ft 35,000 ft] and V €
[300 ft/s 900 ft/s]) make the dynamic pressure vary from 47 psf
to 998 psf. The variations of stability derivatives vs g are shown
in Fig. 3 (solid lines). Uncertainties on these coefficients are also
presented (dotted lines). Linear mean-square interpolations(dashed
lines) remainin a neighborhoodof the parameters, whichnever grow
larger than the uncertainty domain for any ¢ (see Fig. 4).

500 1000 0 500 1000

Fig. 3 Stability derivatives vs §.
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It follows that the family of models given in Eq. (25) can be fairly
well represented by the LPV system:

&\ (-111 1 AT SR
i)\ =2 —03a)\G) "\ —02)
& 3
Zq:Cq<[~])+Dq5e‘Se

where g has been rescaled to g5, which belongs to the interval
[—1 1]. Thus, ¢ = 475.65 g5 + 523.05. Matrices C, and Dy s, are
calculated according to the linear interpolations of Fig. 3 and are

c - 0.925 0 28
77\ -13 —022

0
Pas =\ Lo @9

B. Open-Loop Analysis

In this paragraph, a short open-loop analysis of the family of lin-
ear systems given in Eq. (25) is presented. As expected, the aircraft
behavior depends significantly on the flight condition. For low dy-
namic pressure, the system has very low bandwidth and is poorly
damped. For high dynamic pressure, the bandwidth is higher but
damping remains poor (see Fig. 5).

Moreover, the control efficiency is also highly dependent on the
parameter g. This is illustrated by Fig. 6 which presents transfer
functions from the control input §, to the angle of attack « for
low, medium, and high values of g (solid, dashed, and dotted lines,
respectively).

27

w, = sz,

and

IV. Specifications and Problem Setup
In many cases it is desirable that the angle of attack of an air-
craft be proportional to pilot stick input. This is called an angle-
of-attack command system, and it is desirable that the response
of the angle of attack to a longitudinal stick input approximate a
second-order transfer function with no numerator dynamics. The

100 T T T T e

Magnitude
=

Frequency (radfsec)

Fig.6 J, to « transfer function vs g.

longitudinal controllerdesignedin this study will be required to sta-
bilize the short-period aircraft at all flight conditions and to follow
the parameter varying, second-order reference model

xre = — — xre —
T\ 0@ 260@ ) \0@) e,

Qideal = (1 O)xref

(30)

Experiments indicate that pilots like higher bandwidth at higher
speeds (smaller trim angles of attack) and lower bandwidth at lower
speeds (higher trim angles of attack). A damping factor of { =
0.7 appears adequate for most flight conditions ! Values of natural
frequency range from 2 rad/s at the lowest dynamic pressure to
4rad/s athighdynamicpressure.The referenceresponseis described
as an LPV model as follows:

(0 O
=\ 10 —46 )T\ )T 10 )™

g = (6 1~8)xref + 6ar‘wq = qSZq

(3D

Robustness specifications should also be included in the design
scheme. Typically, it is desirable to account for actuator uncertain-
ties, measurementnoise, and parametricuncertainties. However, this
would require many weighting functions and computation of high-
order scalings. For simplicity and numerical tractability, a single
input uncertainty robustness signal has been introduced. Complete
robustness analysis is presented in the following section.

To achieve high-quality model following, a two feedback-loop
control structure has been adopted (see Fig. 7).

Replacing G(g) and Ref(q) by Egs. (27) and (31), an LPV syn-
thesis plant is easily derived. The mixed “LPV-u” technique (see
Sec. IT) is then applied to the weighted plant. The weights W, and
W, are used to address the usual performance/fobustness tradeoff.
A low-pass filter is chosen for W, and a high-pass filter is chosen
for W, (see Fig. 8). The different parameters (bandwidth, cutoff
frequency, static gains, etc.) were adjusted after several iterations.

As shown in Fig. 9, the initial bound on the £;-induced norm
of the plant is 1.91. Then, dynamic scalings Dpes(s) and D, (s)
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are computed for the performance and input uncertainty signals,
respectively (see Fig. 10). A new LPV controllerof the eighth order
is obtained for which the bound is less than 1 (Fig. 9).

V. Numerical Results and Simulations
A. Robustness Analysis

As mentioned above, robustness specifications have not all been
considered in the synthesis. Yet, the closed-loop system behavior
should not be excessively affected by actuator uncertainties, noise
measurements, and parametric uncertainties. In this section, a
analysis on the perturbed system of Fig. 11 is performed.

Weights W, (s) and W,(s) are used to specify the perturbation
bounds vs frequency (see Fig. 12). Parametric uncertainties (A4 z)
theoretically depend on g. For simplicity, the worse case, as given
in Fig. 4, has been retained.

The structured singular value (ssv) plots presentedin Fig. 13 cor-
respond not only to the perturbations and uncertainties previously
described but also to the performance signal [shaped by W, (s)].
Because the ssv remains bounded by 1, performance robustness is
achieved for each value g. For clarity, Fig. 13 gives only two plots.
Note thata parametervarying u analysis(using constantscalings for
the block associated with ¢g) would give more precise information
aboutperformancerobustness. However, this analysis, which cannot
be performed with the current  toolbox, requires the implementa-
tion of a very time-consuming LMI-based algorithm. Moreover, dy-
namic pressure variationsare rather slow. Thus a “frozen-parameter”
analysis, as shown in Fig. 13, gives good insight.

B. Nonlinear Simulations

This last section presents nonlinear simulations performed with
Egs. (15-19) and the standard atmosphere model. Actuator and
sensor models, which can be found in Ref. 3, have also been imple-
mented.

In Fig. 14, unit step input responses (solid lines) are plotted for
flight conditions that correspondto low (47 psf), medium (600 psf),
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and high (998 psf) values of the dynamic pressure. The reference
commands to be followed appear as dashed lines. Figure 14 clearly
illustratesthe reference model variations with g and the high quality
ofthetrackingachievedin each case. The elevatorcommands for the
three flight conditionsare shown in the last subplot of the figure. Po-
sition ([—24 deg 10.5 deg]) and rate ([—60 deg/s +60 deg/s]) limits
are not exceeded. During these simulations, the dynamic pressure
does not significantly vary and the controller remains almost con-
stant in each case. Figure 15 shows a nonlinear parameter-varying
simulation. In this case, an angle-of-attack step of magnitude 4 deg
is applied for 2 s. Because the thrust is left constant, the speed and
the dynamic pressure decrease (see corresponding subplot). The
controller is thus scheduled in real time. At time ¢t = 3 s, a new
step is applied to make the angle of attack return to its initial trim
value. Results have recently been improved by using two scheduling
parameters (the dynamic pressure and the airspeed) instead of one.
This allows the size of the flight envelope to be increased.?? It is

1 1 7
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Fig. 14 Nonlinear unit step responses at low, medium, and high dy-

namic pressures. For a: ——, desired response and - - -, actual re-
sponse.
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Fig.15 Nonlinear response to a two second a command of 4 deg from
trim at high dynamic pressure. For a: ——, desired response and - - -,
actual response.

interesting that a constant controller (which is obtained by freezing
the pressure at its initial value) did not give a satisfactory response
in the second part of the simulation.

VI. Conclusion

An LPV/u technique has been presented and applied to the de-
sign of longitudinal flight control system for a high-performance
aircraft. Nonlinear simulations show that the method yields good
dynamic response for the example considered. The controller is
of relatively low order and is self scheduled with respect to flight
conditions (in this case dynamic pressure). The results appear to be
sufficiently promising to warrant further study of this method for
applications to flight control designs.
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